We consider a problem of non-adiabatic dynamics of a 2D fermionic system with d + id symmetry of the paring amplitude. Under the mean-field approximation, we determine the asymptotic behavior of the pairing amplitude following the sudden change of coupling strength. We also study the exactly integrable extended d + id pairing system for which the long-time asymptotic state of the pairing amplitude in the collisionless regime can be determined exactly. By using numerical and analytical methods we have identified three nonequilibrium steady states described by different long-time asymptotes of the pairing amplitude at long-times for both integrable and non-integrable versions of the d + id-wave models. We found that despite of its lack of integrability, the long-time dynamics as a result of the pairing quenches in the d + id model are essentially the same to the ones found for its exactly-integrable extended d + id model. Both models describe topological fermionic system with non-trivial BCS phase appearing at weak coupling strength.
I. INTRODUCTION
Exactly solvable models of many-body quantum systems have always been a powerful tool for developing important ideas about the nature and the microscopic structure of the physical phenomena especially when the inter particle interactions are strong. Integrability puts stringent constraints on conditions under which models are formulated (reduced dimensionality, purely local interactions etc.) rendering the physical systems often to be in extreme physical situations. Nevertheless, the concepts developed by using the exact solutions make it possible to gain deeper insight into the complex physical phenomena and are fruitfully applied to provide physical interpretation of the underlying physical ideas.
Among exactly integrable Hamiltonians, the Gaudin magnets 1-4 represent a special type of integrable many-body systems which are formulated in terms of the spin Hamiltonians. It is well known that within the mean-field approximation, the Hamiltonians for the celebrated BCS model can be formulated as Gaudin spin Hamiltonian and, therefore, is exactly integrable. [4] [5] [6] This fact turned out to be especially useful for solving the problem of non-adiabatic pairing in fermionic superfluids (for review see Ref. [7] and references there in).
Since the discovery of the exact solution for the nonadiabatic pairing problem, there has been a lot of theoretical studies addressing various aspects of this and related problems. For example, steady states for the different type of pairing symmetries such as chiral p-wave, 8, 9 d-wave, 10 effects of the various integrability breaking perturbations on dynamics phase diagram 11 as well as dynamics in two-dimensional spin-orbit coupled fermionic superfluids in external Zeeman field 12, 13 have been discussed. Perhaps the most remarkable results of many of these studies is that breaking of the integrability does not often lead to the substantial deviations from the results found for the integrable model. 13 Although experimental observation(s) of the non-adiabatic pairing phenomena in degenerate atomic condensates is still lacking, there have been significant advances in realization of non-adiabatic pairing regime in superconductors by employing pump-probe spectroscopy. [14] [15] [16] [17] [18] [19] . When pump pulses are used in combination with angle resolved photo-emission spectroscopy (ARPES), real-time evolution of quasiparticle modes following a pump pulse can be tracked in different momentum sectors of d-wave cuprates superconductors, revealing highly non-thermal character of associated spectral weights even for steady state asymptote of order parameter. The fact that there have been several proposals on realization of unconventional s + is-and d + id-wave pairings in multiband superconductors, 20 motivates us to look into the signatures of such an unconventional pairing in non-adiabatic regime. The pairing problem with the d x 2 −y 2 + id xy (d + id) pairing symmetry of the order parameter has received quite a bit of attention recently in the context of possible topologically nontrivial superconducting states in undoped bilayer silicene. Generally, d + id pairing has a number of highly unusual physical properties such as quantized boundary current, spontaneous magnetization as well as quantized spin and thermal Hall conductances. [21] [22] [23] In this paper we consider a problem of non-adiabatic dynamics of systems with d + id symmetry of the order parameter. Within the mean-field approximation the d + id model Hamiltonian can be written as a spin Hamiltonian, however it does not belong to the class of Gaudin magnets. Fortunately, with an addition of an extra term accounting for local densitydensity interactions, the model becomes integrable. Thus, we can establish the similarities and differences between the corresponding steady state phase diagrams and related observables for the two models.
Our paper is organized as follows. In Section II we introduce the model Hamiltonian for the d + id model, describe its mean-field properties and compute the steady state diagram for the quenches of the pairing strength by solving the equations of motion numerically. In Section III we consider an extended d + id model, establish its integrability and using the Lax vector construction obtain the corresponding steady state phase diagram. Section IV is devoted to the discussion of our results and conclusions.
II. NON-ADIABATIC PAIRING IN D + ID MODEL
In this Section, we present our results for the non-adiabatic pairing dynamics of the order parameter for d + id model in weakly coupled regime (BCS).
A. Formulation of the model
Here we consider the following model Hamiltonian
whereĉ kσ andĉ † kσ denote fermionic annihilation and creation operators,
G is a dimensionless coupling constant and ν F is the density of states at the Fermi level. We set the single particle mass m = 1. Given the fact that the second term in the Hamiltonian can be factorized, it is convenient to write it in terms of the new operatorŝ 
This model formulation only considers sub-space of paired fermions related by time reversal symmetry and neglects pair-breaking processes. Thus we arrive at the following Richardson-Gaudin type of the Hamiltonian [25] [26] [27] :
Where we have also eliminated the momentum phase prefactors (k x ± ik y ) 2 = |k| 2 e ±2iφ k by performing unitary transformation for the pseudospin operators.
B. Mean-field approximation
Within the mean-field approximation, the pseudospin operators are replaced with their expectation valuesŜ
As a result, the spin Hamiltonian (2.4) becomes a classical Hamiltonian of the form
and ∆ x,y are the components of the complex pairing field
The time evolution of the pseudospin components along with the pairing field ∆ + is governed by the classical equations of motion which are obtained by evaluating the Poisson brackets of S a k with the Hamiltonian:
Above equations can be written as˙
In the ground state, each pseudospin is aligned in the opposite to the direction of B k , which allows us to determine the pseudospin configuration in equilibrium. For simplicity we assume that in the ground state ∆ = ∆ x , so it follows
and S y k = 0. In addition to the self-consistency equation for the pairing field, we also need to consider the particle number equation which fixes the value of the chemical potential:
We solve equations (2.6,2.9) numerically and show the results in Fig. 1 . As it turns out, just as in the case of chiral p + ip superfluid, 8, 9, 28 , the point µ = 0 is a special one: it marks the transition between two topologically distinct states. The topological invariant or winding of pseudospin configuration in 2D is given by
We can proceed with the substitution, β k = −ξ k /E k and obtain form of equilibrium pseudospins from Eq. 2.8:
With the help of expressions (2.11), the integrand in Eq. (2.10) reduces to total derivative, giving us
in the ground state. Non-zero winding number signals the presence of the Majorana edge states at the system's boundaries, so that Q = 2 implies that chiral d + id superfluid (weakly coupled) supports two of these edge modes -one per each spin projection.
C. Out-of-equilibrium dynamics: phase diagram
Here we present our results of the numerical solution of the equations of motion (2.7) following the sudden change of the pairing coupling G. Initially our system is in ground state at t = 0, i.e. pseudospins are given by (2.8) with equilibrium order parameter given by ∆ i for coupling G i . Next, we drive system out-of-equilibrium by instantaneous change of our coupling from
As in the earlier studies, 7 it is convenient to describe the asymptotic states of the superfluid order parameter in terms of ∆ i and ∆ f -equilibrium order parameter values for G i and G f correspondingly. Since change of coupling at any time admits that our interaction term is time dependent, the expectation values of the product of fermionic operators involved are no more functions of time difference but are function of total time t.
In Fig. 2 we also plot |∆(t)| for different values of ∆ i /∆ f in weak coupling limit involving s-wave, non-integrable d+id and exactly-integrable extended d + id symmetry (see below). As seen from Fig. 2 that exactly integrable extended d + id model gives similar dynamics to non-integrable d + id case and that |∆(t)| in s-wave case also vary on similar time scales in weak coupling regime. For values where ∆ i /∆ f ≥ 5.2 we get exponential damping of ∆(t) for both d+id cases again in full analogy with the s-wave and p + ip order parameters. For ∆ i /∆ f 1 we obtain non-vanishing oscillations of |∆(t)| between two limiting values for which differ from d-wave dynamics which is void of such oscillations.
In Fig. 3 we present quench phase diagram of timedependent order parameter ∆(t) for d + id symmetry. After extensive numerical simulations we found that the asymptotic states of ∆(t) at long times can be classified in terms of three dynamic regimes in the (∆ i , ∆ f ) plane. For large ∆ i /∆ f we obtain regime (Region I) where order parameter vanishes at long times (overdamped regime), Region II gives non-vanishing asymptote ∆(t → ∞) = ∆ ∞ for ∆(t) and finally for sufficiently small ∆ i /∆ f we recover undamped oscillating phase in which ∆(t) oscillates between two limiting values. In passing we note that Region III is absent in recent calculation of the non-adiabatic pairing for d-wave superconductors 10 which is in stark contrast with our d + id order parameter symmetry. We believe that the reason for this is the presence of nodal lines where gap vanishes for d-wave pairing i.e. ∆ k = γ k ∆ where γ k = cos 2θ k for d-wave and ∆ k = ε k ∆ for our case of d + id symmetry. Given the similarity of our phase diagram with one found for the s-and p + ip-pairing models, we also decided to compare the timedependence of the pairing amplitudes at long times using the fact that both s-wave and p + ip-wave models are exactly integrable.
a. Small Quenches We have found out that for small BCS quenches i.e.
analogous to s-wave case as described Ref. [7] , where asymptotic value of ∆(t) is
where φ is the phase. Results and comparisons with the corresponding results for small changes of the pairing strength in d+id-wave and s-wave models are given in Fig. 4 . As one can see, there is a very good agreement between our numerical results and analytical formulas derived for the s-wave model. To conclude this Section, we note that the non-adiabatic pairing dynamics of the d + id superfluids shows remarkable similar- ities with the its integrable cousins. In the next Section, we discuss the same problem for the pairing in extended d + id model.
III. EXTENDED d + id MODEL
The exact integrability of the extended d + id model has been most recently discussed in the work of Marquette and Links. 29 Below, we first reproduce their results using the formalism of Lax construction. Then we use the integrability of the extended d + id model to determine the long-time phase diagram.
To write down the the Hamiltonian for the extended d + id model we will use the pseudospin variables introduced before. Within the mean-field approximation, the extended d + id Hamiltonian reads:
and the momentum summations are restricted to the semiinfinite plane (2.3) as before, so that the Poisson brackets between the pseudospin components remain unambiguously defined. We introduce the mean field parameter
Under such approximation, the second term in eq. 3.1 renormalizes effective mass of a fermion: 1/m → 1/m * = (1 + ρ)/m. It is also clear that the equations of motion for the pseudospin variables as well as their configuration in the ground state will be given by exactly the same equations as Eqs. (2.7,2.8) provided that we replace ξ k in these equations withξ
In what follows we briefly review the mean-field properties of the extended d + id model.
A. Mean field analysis of the ground state
Clearly if we rescale the chemical potential µ → (1 + ρ)µ in Eq. (3.3), the single particle spectrum of the extended d + id model corresponds to the rescaled spectrum for the d + id model. This implies that the mean-field equations for the extended d + id model coincide with those for the d + id model except in addition to equations for the superfluid order parameter and particle number we have to add an equation
The results of the solution of the mean-field equations are shown on Fig. 5 . From Fig. 5 we observe that the QCP at µ = 0 is lost, i.e. the strong coupling BEC regime becomes completely inaccessible. To see this let us now consider the self-consistency equations when µ = 0:
where and constant is absorbed in coupling for analysis. The last two equations (3.5) can never be fulfilled which means that in the extended d + id model superfluid will always remain topologically nontrivial independent of the coupling. However, the winding number of BCS ground state is still non-trivial Q = 2 signaling the existence of the topologically protected edge modes. Another stark difference is that µ ∝ Λ and increases with energy cutoff but µ/(1 + ρ) ≤ 1 for an arbitrary value of the ultraviolet cutoff.
B. Lax construction
Let us define the Lax vector for the problem at hand according to
where u is an arbitrary complex parameter. In Appendix A we have shown that the square of the Lax vector is conserved by evolution. The conservation of L 2 (u) allows one to determine the asymptotic states of the superfluid order parameter depending on the initial conditions. 7 In a nutshell, in order to compute the quench phase diagram at long-times, one needs to analyze the complex roots of the spectral polynomial in the thermodynamic limit (for the definition of the spectral polynomial see e.g. Ref. 7 ). For our model, the equation for the complex roots reads:
8) where we introduced parameters β = g
, g = Gν F for brevity and ∆ 0 , µ 0 and ρ 0 denotes the ground state value for coupling g i .
C. Steady state diagram
In order to determine the steady state phase diagram we adopt the strategy described in Ref. 7 . Setting u units of ε F along with other energies ε k , µ, E k and noting that coupling G has units 4π/k 4 F and expressing momentum in the units of the Fermi momentum q = k/k F we have
where
To determine the boundaries separating various steady states we assume that the imaginary part of u is infinitesimally small
(3.10)
Taking the real and imaginary parts of the equation (3.9) with account of (3.10) we obtain two equations
The results for the solution of these equations are presented in one found for the d + id, Fig. 3 , model it is clear that these two diagrams are quite similar to each other : (i) for quenches corresponding to ∆ f ∆ i we find a gapless steady state in which the pairing amplitude vanishes; (ii) for quenches when ∆ f ∼ ∆ i the pairing amplitude asymptotes to a constant and (iii) for quenches such that ∆ f ∆ i the pairing amplitude oscillated periodically in time and its time dependence is described by the Jacobi elliptic function.
IV. DISCUSSION
Immediately after the theoretical discovery of the special class of solutions which describe the pairing amplitude periodically oscillating in time provided the system is in the collisionless regime, 30 it was realized that the dynamics of the pairing amplitude as well as underlying pseudospin variables can be determined exactly. [4] [5] [6] Naturally, the question of whether the steady states remain stable with respect to the integrability pairing perturbations were raised. The subsequent works, however, demonstrated the main features of the steady state diagram obtained from exact integrability are retained (see e.g. Refs. [11] [12] [13] ). For example, the studies of the quenched dynamics of two-dimensional spin-orbit coupled superfluids have shown that even for the quenches of the external Zeeman field lead to the steady states found for the integrable s-wave pairing, including a state with the periodically oscillating pairing amplitude (in the latter case multiperiodic solutions may also appear). 12, 13 Furthermore, recent numerical studies of the non-adiabatic dynamics with d x 2 −y 2 order parameter show that the due to the nodes in the pairing wave function, there are only two steady states: one with a non-zero value of the pairing amplitude 10 and another one corresponding to dynamical vanishing of the pairing amplitude. It is worthwhile to mention that for ∆ f > ∆ i , d-wave (d x 2 −y 2 ) quenches show remarkably faster dynamics compared to s-wave case, however, in this work we have found out that d + id dynamics vary on similar time scales as s-wave. Since d+id pairing is a complex mixing of d x 2 −y 2 ± id xy pairing, it is also unclear that if d xy symmetry dynamics are setting time scales for d+id problem. The results presented here seem to confirm following general property: for the non-adiabatic dynamics integrability breaking perturbations have little effect on the resulting long-time dynamics phase diagram for the pairing with nodeless pairing amplitude in a sense that no qualitatively new steady states appear at long times. Perhaps the most notable exception to this rule happens when the size of the system far exceeds the coherence length: in this case the steady state with the periodically oscillating ∆(t) develops spatial inhomogeneities driven by the parametric instability. 31 While our results are perfectly applicable to systems consisting of charge neutral superfluids, it is not clear how the steady state diagram will be modified for charged superfluids due to long-range Coulomb interactions. While the full solution of the problem still awaits, at the level of the randomphase approximation it can be demonstrated that the meanfield equations of motions found for the problem without Coulomb interactions retain their form. 24 This statement is in agreement with a more qualitative argument based on the fact that the single particle relaxation time τ ε far exceeds the characteristic time scale on which the order parameter evolves τ ∆ , so one the time scales τ ∆ t τ ε the pairing model with the reduced Hamiltonian should be valid.
V. CONCLUSIONS
In this paper we have presented the results of our studies of far-from-equilibrium pairing dynamics in the d + id and extended d + id models. One of our main motivations was to compare the resulting long time asymptotics for both of these models in which dynamics was initiated by the sudden change of the pairing strength and the initial state was always chosen to be system's ground state. We found that both phase diagrams turned out to be very similar despite the fact that d + id model is not exactly integrable while the extended d + id model is. Our work provides yet another example of a phenomenon for which insights obtained from exactly solvable models can be applied to described the non-adiabatic dynamics of the pairing amplitude found for their non-integrable counterparts.
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